Abstract. The Riemann Mapping Theorem states the existence of a conformal homeomorphism ϕ of a simply connected plane domain Ω ⊂ C with non-empty boundary onto the unit disc D ⊂ C. In the first part of the paper, we study embeddings of Sobolev spaces
Introduction
Let Ω ⊂ C be an arbitrary simply connected plane domain with non-empty boundary. By the Riemann Mapping Theorem, there exists a conformal homeomorphism ϕ of Ω onto the unit disc D ⊂ C.
This study is focused on the weighted Poincaré-Sobolev inequalities (1.1)
for functions f of the Sobolev space Here we have used the following notations: z = x + iy is a complex number, f (z) = f (x, y) is a real-valued function, ∇f (z) = ( ∂f ∂x , ∂f ∂y ) is the weak gradient of f , µ is the Lebesgue measure.
In the present paper, we give an essentially self-contained exposition of a method for the study of such weighted inequalities and develop its applications to elliptic boundary value problems.
The novel points include the use of a "transfer" scheme of Sobolev type embedding theorems from regular domains to non-regular domains (proposed in [5] ) in combination with the Riemann Mapping Theorem and the Brennan's Conjecture.
The "transfer" scheme is based on systematic applications of the theory of composition operators on Sobolev spaces [20, 24] . In [9] this scheme was applied to weighted Sobolev-type embedding operators in non-regular domains.
The Poincaré-Sobolev-type inequalities have essential applications in geometric analysis (see, for example, [14] ). The existence of the weighted inequalities (1.1) is interesting even for bounded domains in the case of unbounded weights h(z). For unbounded weights, the inequalities (1.1) contain additional information about the boundary behavior of the functions f ∈
Note, that such type inequalities have an application [1] in a regularity result for the Poisson problem −∆u = f , u| P = g on a polyhedral domain P ⊂ R 3 . The "transfer" scheme [5] is simplified here because of the well-known fact: For any conformal homeomorphism w = ϕ(z) : Ω → Ω ′ and any smooth function f with square integrable derivatives, we havê
This equality means that ϕ induces an isometry of homogeneous Sobolev spaces L (Ω ′ ). It is one of the basic facts that makes it possible to "transfer" the Poincaré-Sobolev inequalities from the unit disc D ⊂ C to an arbitrary simply connected plane domain with non-empty boundary Ω ⊂ C.
In the first part of the paper, we prove existence of bounded (compact) embeddings of the Sobolev space
(Ω) into weighted Lebesgue spaces L q (Ω, h) with the conformal weight h(z) := J(z, ϕ) for any q ∈ [1, ∞). Since two different conformal homeomorphisms ϕ : Ω → D andφ : Ω → D can be connected by a conformal automorphism η : D → D (i.e., ϕ =φ • η), the conformal weights induced by ϕ and ϕ are equivalent. It means that h(z) = J(z, ϕ) J(z,φ) J(z, ϕ) = h(z), and therefore the weighted Lebesgue space L q (Ω, h) does not depend on the choice of a conformal homeomorphism and depends only on the conformal structure of Ω.
In the second part of the paper, we study the more complicated case of Sobolev
Applying results of Brennan's Conjecture about the integrability of the derivatives of conformal homeomorphisms ϕ : Ω → D, we prove that such homeomorphisms induce bounded composition operators from the homogeneous Sobolev spaces
under some constraints on p and q that are consequences of the results of Brennan's Conjecture. Another ingredient of this study is necessary and sufficient conditions [20] for boundedness of the composition operators from
induced by Sobolev homeomorphisms. This result is rather general and is rearranged here for the conformal case.
In the last part of the paper, we show a standard application of the main results to boundary value problems for the Laplace operator.
We use a version of Brennan's Conjecture for composition operators on Sobolev spaces [12] proposed recently by the authors. The original Brennan's Conjecture concerns the integrability of derivatives of plane conformal homeomorphisms ϕ : Ω → D that map a simply connected plane domain with non-empty boundary Ω ⊂ C onto the unit disc D ⊂ C.
The conjecture [3] is that
For 4/3 < s < 3, it is a comparatively easy consequence of the Koebe distortion theorem (see, for example, [2] ). J. Brennan [3] (1973) extended this range to 4/3 < s < 3 + δ, where δ > 0, and conjectured it to hold for 4/3 < s < 4. The example of Ω = C \ (−∞, −1/4] shows that this range of s cannot be extended. The upper bound of those s for which (1.2) is known to hold has been increased to s ≤ 3.399 by Ch. Pommerenke, to s ≤ 3.421 by D. Bertilsson, and then to s ≤ 3.752 by Hedenmalm and Shimorin (2005) . These results and more information can be found in [2, 17, 19] .
For conformal homeomorphisms ψ : D → Ω, Brennan's Conjecture can be reformulated as the Inverse Brennan's Conjecturê
where α = 2 − s. The results of Inverse Brennan's Conjecture lead to the conjecture on the existence of bounded composition operators of
for all 4/3 < p < 2 and all 1 ≤ q < 2p/(4 − p) (Theorem 4.5). As a corollary, we obtain a conjecture about the existence of compact embeddings of
If α 0 > −2 is the best known estimate in the Inverse Brennan's Conjecture, i. e. the Inverse Brennan's Conjecture holds for any α ∈ [α 0 ,
is the best estimate for r for these embeddings [12] .
A connection between Brennan's Conjecture and composition operators was established in [12] : 
for any p ∈ (2; +∞) and q(p, s) = ps/(p + s − 2).
Remark. Brennan's Conjecture is correct for some special classes of domains: starlike domains, bounded domains which boundaries are locally graphs of continuous functions etc.
Notation and Preliminary Results about Composition Operators
We follow [13] for notation and basic facts about weighted Lebesgue spaces.
Let Ω ⊂ R n be a domain and let v : Ω → R be a locally integrable almost everywhere positive real valued function in Ω ( i.e v(z) > 0 almost everywhere). Then a Radon measure ν is canonically associated with the weight function v:
By the local integrability of v, the measure ν and the Lebesgue measure µ are absolutely continuous with respect to one another:
In what follows, the weight v and the measure ν will be identified. The sets of measure zero are the same for the Lebesgue measure µ and for ν. It means that we do not need to specify what convergence almost everywhere is.
Denote by
the set of all such weights. Here L 1,loc (Ω) is the space of locally integrable functions in Ω. For 1 ≤ p < ∞ and v ∈ V(Ω), consider the weighted Lebesgue space
and for p = 1,
Corollary 2.2. If a weight v is continuous and positive then i :
This follows immediately from Proposition 2.1 because a continuous and positive weight belongs to V p (Ω) and also to V 1 (Ω).
Define the Sobolev space W 1 p (Ω), 1 ≤ p < ∞, as a normed space of locally integrable weakly differentiable functions f : Ω → R equipped with the following norm:
We will also need homogeneous seminormed Sobolev spaces L 1 p (Ω) of weakly differentiable functions f : Ω → R equipped with the following seminorms:
Recall that the embedding operator i : Let Ω and Ω ′ be domains in C. We say that a conformal homeomorphism ϕ : Ω → Ω ′ induces a bounded composition operator
and there exists a constant K < ∞ such that
The theory of composition operators on Sobolev spaces goes back to Reshetnyak's problem about the description of all isomorphisms of the homogeneous Sobolev spaces
which are induced by quasiconformal mappings of Euclidean domains. In [22] , it was proved that a homeomorphism ϕ : , n − 1 < p < n, were treated in [8] , and Sobolev spaces W 1 p (Ω) and W 1 p (Ω ′ ), 1 ≤ p < n, were considered in [16] . In [15] , the theory of multipliers was applied to this composition problem. Bounded composition operators on Sobolev spaces were studied in [21] from another (but close) point of view. A geometric description of homeomorphisms preserving the Sobolev spaces
was obtained in [6] for p > n − 1. New problems arise when we study composition operators on Sobolev spaces with decreasing integrability of the first weak derivatives. This problem was first studied in [20] . In this case, a significant role in the description of the composition operators is played by the so-called (quasi)additive set functions defined on open sets.
The main result of [20] asserts that
, has finite distortion, and
Here Dϕ(x) is the formal Jacobi matrix of ϕ at x ∈ Ω and J(x, ϕ) = det Dϕ(x) is its Jacobian. The norm |Dϕ(x)| of the matrix is the norm of the linear operator defined by this matrix in the Euclidean space R n . In [5] , this class of mappings was studied in connection with the Sobolev-type embedding theorems.
The detailed study of composition operators on Sobolev spaces was carried out in [24] . The composition operators on Sobolev spaces in the limit case p = ∞ were studied in [10, 11] .
Define the p-dilatation of a diffeomorphism ϕ : Ω → Ω ′ as
and introduce the (p, q)-dilatation as
For plane conformal homeomorphisms (n = 2), the p-dilatation is equal to |ϕ
and is equal to the unity for conformal mappings.
Weighted Poincaré-Sobolev Inequalities for the Sobolev Space
In this section, we study the weighted Poincaré-type inequalities for conformal weights.
First we formulate a well known property of conformal homeomorphisms:
Lemma 3.1. Let Ω and Ω ′ be two plane domains. Any conformal homeomorphism
We used the following conformal equality:
Let Ω ⊂ C be a simply connected domain with non-empty boundary and let ϕ be a conformal homeomorphism of Ω onto the unit disc D. We call the smooth positive real-valued function h(z) = J(z, ϕ) = |ϕ ′ (z)| 2 the universal conformal weight in Ω (or simply the conformal weight).
Recall that the Lebesgue spaces L p (Ω, h) does not depend on the choice of the conformal homeomorphism ϕ; i.e. the dependence is only on the conformal structure of Ω. This is a reason to call the weight h(z) the (universal) conformal weight on Ω.
Theorem 3.3. Let Ω ⊂ C be a simply connected domain with non-empty boundary.
(Ω) and for any 1 ≤ r < ∞. Here K is a constant depending only on r.
Remark. The constant K is equal to the exact constant for the corresponding Poincaré-Sobolev inequality in the unit disc D ⊂ C, i. e., for
Using the Poincaré-Sobolev inequality for the function g in the disc D we infer
Now we give some examples of conformal weights.
Example 3.4. Let Ω pl = C \ D = {z ∈ C : x 2 + y 2 > 1} be the plane without the unit disc. The diffeomorphism
is conformal and maps Ω pl onto the unit disc D. The conformal weight is
Example 3.5. Let Ω h = C + = {z ∈ C : y > 0} be the upper half-plane. The diffeomorphism
is conformal and maps Ω h onto the unit disc D. Then the conformal weight is 
Example 3.7. Let Ω c be the interior of the cardioid: r =
Embedding into Lebesgue Spaces with Conformal Weights
In this section, we prove existence of compact embeddings of the Sobolev spaces
(Ω) be a smooth function. We first prove that ϕ * f belongs to
By the definition of the composition operators ϕ * f = f • ϕ is a smooth function defined everywhere in Ω and by Lemma 3.1, we have the equality
Since the support supp(f ) of f is compact, its inverse image ϕ −1 (supp(f )) is also compact. Hence, we obtain the following estimate of ϕ * f |L 2 (D) :
Using the notation
we conclude that
So, the composition ϕ * f belongs to the Sobolev space
Let us prove that the composition operator ϕ * is bounded. By the Poincaré inequality
, here the constant C does not depends on f . Hence,
for every smooth function f ∈ (Ω) (see, for example, [24, 7] ). This means that ϕ * f ∈ 
The previous theorem leads to compactness of the Sobolev type embeddings Let Ω ⊂ C be a simply connected domain with non-empty boundary. Then the embedding operator
is compact for any 1 ≤ r < ∞. Here h is the universal conformal weight.
Proof. By the Riemann Mapping Theorem, there exists a conformal homeomorphism w = ϕ(z) : Ω → D. The inverse mapping is also conformal and by, the previous theorem, there exists a constant 0 < K < ∞ such that
for any function f ∈ 
Therefore, the embedding operators j r : The next theorem about composition operators was formulated and proved in [20, 24] for Sobolev homeomorphisms. In the case of conformal homeomorphisms, this statement is much simpler. Here we reproduce a comparatively simple proof for the conformal case that enables us to avoid the main technicalities. As preliminary information, this proof uses only the result about the existence of a bounded monotone countably additive function [20, 24] :
where the number κ is defined by 1/κ = 1/q − 1/p, is a bounded monotone countably additive function defined on open bounded subsets A ′ ⊂ Ω ′ .
Using this "localization principle" for composition operators, we prove
Proof. Necessity. Suppose that the composition operator 
which is equal to one on the set {w ∈ C : |w| < 1} and is equal to zero outside of the set {w ∈ C : |w| < 2}. Inserting the functions
and
in this inequality, we obtain
when B(w 0 , r) = {w ∈ C : |w − w 0 | < r}, B(w 0 , 2r) ⊂ Ω ′ . By the change of variable formula, using the equality |ϕ ′ (z)| 2 = J(z, ϕ), we infer
Hence,
and we have
Passing to the limit as r → 0, we get
for almost all w ∈ Ω ′ .
Hence, for every open bounded subset
Since V is an arbitrary subset of Ω ′ we have that
. Then, since ϕ is a smooth mapping, the composition ϕ * (f ) = f • ϕ is defined almost everywhere and weakly differentiable in Ω. Hence, using the equality |ϕ ′ (z)| 2 = J(z, ϕ), we obtain
Thus, using Hölder's inequality, we have
Theorem 4.5.
Let Ω ⊂ C be a simply connected domain with non-empty boundary and ϕ : Ω → D be a conformal homeomorphism. Suppose that the Inverse Brennan's Conjecture holds for the interval [α 0 , 2/3) where α 0 ∈ − 2, 0 and
Then the inverse mapping ϕ −1 induces a bounded composition operator
Proof. By the Inverse Brennan's Conjecturê
Choose α ∈ (−2, 0). By Theorem 4.4, the composition operator
The inequality (p − 2)q p − q < 0 holds for all 1 < p < 2 and 1 ≤ q < p < 2. Because p < 2 the inequality
By Theorem 4.4 we have the restriction on q: q ≥ 1.
It is the best possible estimate on p under the assumption that the Inverse Brennan's conjecture is correct. Because the conjecture is not proved completely, we can suppose in the statement of this Theorem that it holds for some −2 < α 0 < 0. In this case restrictions on p will depend on α 0 .
The inequality
Because the function u(|α 0 |) = |α0|p 2+|α0|−p is an increasing function, |α 0 | < 2 and p < 2 we obtain
Let us check for which numbers p the condition q ≥ 1 is correct, i. e. for which numbers p the following inequality 1 < |α 0 |p 2 + |α 0 | − p holds. By simple calculations we obtain that it holds for
Two previous inequalities permit us to conclude that for any fixed p ∈ ((|α 0 | + 2)/(|α 0 | + 1), 2) and for any q such that 
holds for any r such that
The constant M does not depend on f .
Proof. By the Riemann Mapping Theorem, there exists a conformal homeomorphism w = ϕ(z) : Ω → D, and by the Inverse Brennan's Conjecture,
Hence, by Theorem 4.5, the inequality
holds for every function f ∈ L 1 p (Ω) and for any q such that
and, by the classical Poincaré-Sobolev inequality,
for any r such that
Combining inequalities for q and r we conclude that the inequality (4.2) holds for any r such that
Using the change of variable formula, we finally infer 
for any q such that
Remark. Of course, we can choose the best known estimate α 0 > −2 in the Inverse Brennan's Conjecture.
Proof. By the Inverse Brennan's Conjecture, we havê
be a smooth function with a compact support. By Theorem 4.5, for any function f ∈ C ∞ 0 (Ω), the inequality
holds for all q :
Here the constant 0 < C < ∞ is independent of f .
Since f ∈ C ∞ 0 (Ω), its supp(f ) is compact and its image ϕ(supp(f )) is compact too. The following estimate holds for f • ϕ −1 |L q (D) :
Thus, the function f • ϕ −1 belongs to the Sobolev space
. Using the Poincaré-Sobolev inequality for the unit disc
we obtain the inequality
Using the density of smooth functions with compact supports in f ∈ • W 1 p (Ω), we can extend the last inequality to arbitrary f ∈ • W 1 p (Ω) (see, for example, [24, 7] ). It allows us to conclude finally that the composition operators Then the embedding operator
Proof. Choose an arbitrary function
. Using the change of variable formula, we obtain
. Consequently, the embedding operator
is compact as the composition of the bounded composition operator
Applications to Elliptic Equations
As a standard application, we prove the solvability of the classical Dirichlet problem for the degenerate Laplace operator on an arbitrary simply connected plane domain Ω ⊂ C with non-empty boundary.
Define the weighted Sobolev space W 1 p (Ω, h, 1), 1 ≤ p < ∞, as the normed space of locally integrable weakly differentiable functions f : Ω → R equipped with the following norm:
Here h is the universal conformal weight.
Such type weighted spaces were introduced and investigated in [7] for V p -weights.
The Sobolev space (Ω, h, 1), under provided that this integral makes sense. We prove that, for any simply connected plane domain with non-empty boundary and for any f ∈ L p (Ω, h), 1 < p < ∞, there exists a unique (weak) solution to the problem (5.1,5.2). 
(Ω, h, 1) , for any 1 ≤ p < ∞, p ′ = p/(p − 1). Therefore, the bounded functional F defined on the dense subset C ∞ 0 (Ω) can be extended to 
